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Estimation of fracture spacings distribution from fracture 

counts  

along drill cores  

 

Maria Stavropoulou¶, George Saratsis§, George Xiroudakis§ and George 

Exadaktylos§*  
¶ Faculty of Geology and Geoenvironment, National and Kapodistrian University of 

Athens   
§School of Mineral Resources Engineering, Technical University of Crete  

Abstract  

  

The spacing distribution of natural joints or fractures in rock masses affects 

the rock mass deformability, strength and transport properties according to 

their size, distribution in space, deformability and strength. Rock block sizes 

formed by intersecting joints is also an important engineering parameter 

influencing the behaviour of rock masses around underground openings and 

surface excavations, extraction of blocks of commercial sizes of decorative 

stones and in rock fragmentation processes by blasting or mechanical 

excavation techniques. The rock block shapes and sizes are depicted by the 

number of joint sets, as well as orientation in space, persistence (spatial 

extent) and spacings of joint sets transecting the rock mass.  In this paper an 

algorithm is presented for the estimation of joint spacings distribution in rock 

masses from measurements of joint counts per fixed length intervals along 

drill cores. The spacing distribution is derived based on the assumption that 

joint counts in fixed intervals follow a nonhomogeneous three-parameter 

Poisson probability density function. Joint count data along drill cores from a 

white dolomitic marble quarry transected by three joint sets is used to 

demonstrate the application of the proposed methodology.   

  

Keywords: drill coring; fracture frequency; fracture spacing; 

nonhomogeneous Poisson process; Weibull function.  

  



2 | P a g e  

  

*Corresponding author: School of Mineral Resources Engineering, Technical 

University of Crete, University Campus, Akrotiri GR-73100, Chania, Crete, 

Greece (exadakty@mred.,tuc.gr ).  

     

1. Introduction  

The International Society of Rock Mechanics [1,2] has defined the term 'joint' 

as: "Joint is a discontinuity plane of natural origin along which there has been 

no visible displacement." Rock joint sizes vary from few cm’s to several 1m’s 

or 10m’s, i.e. according to ISRM joints in rocks are between cracks and faults 

in terms of size or persistence. However, herein with the term joint we mean 

all types of fractures transecting a rock mass and sometimes we use the more 

generic term “discontinuity”.   

The best method to obtain information on the joint properties (density 

along oriented lines, areas or volumes and other features) of a given rock 

mass is to perform observations on exposed walls in the field using scanlines 

or sampling windows or on rock cores extracted from oriented core barrels 

during diamond drilling operations.  

  Below a list of main terms, assumptions and approaches employed in 

this work is given, namely:  

• Joints are classified in sets or families according to their orientation in 

space. They are assumed to be planes even though this is a rough first 

order approximation. To make things much simpler we further assume 

that joint planes of a given set are all parallel to each other.  

• The term “joint set spacing” denotes the distance between individual 

neighboring joints belonging in the same joint set.  

• The mapping of joint properties like orientation, spacing, frequency, 

aperture, roughness etc. is done on oriented diamond drill cores or 

along scanlines on exposed walls of a rock mass [3,4].  

• When logging drill cores the average lengths of core pieces (called joint 

intercept), are seldom true joint set spacings, since joints of different 

sets are included in the measurement. Furthermore, if one measures 

only the spacings between joints of the same set even then the spacing 

is an apparent one if the drill core is not perpendicular to the joint 
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planes of this particular set [3,4]. The “true spacing” between joints of 

the same set is measured only if the drill core or scanline is 

perpendicular to the joint plane otherwise a trigonometric correction is 

required.  

• The number of joints of a particular joint set transecting a given length 

of a drill core is the fastest way to characterize the degree of jointing of 

a rock mass and is the apparent joint intensity or “apparent linear 

frequency”; however, one should have a method to transform joint 

counts along consecutive drill core intervals say every 1m or 2m etc., to 

joint spacings in order to derive later block size distribution. The term 

“basic joint frequency” refers to the case that the line of measurements 

(borehole or scanline) is directed along the normal vector to the 

particular joint set as was also mentioned above.  The main aim of this 

paper is firstly to present an algorithm to convert fracture frequencies 

measured at fixed length intervals along drill cores or scanlines to 

fracture spacings. This is the necessary step to estimate distribution of 

areas and then volumes of rock blocks isolated between mutually 

intersecting joints. In a previous work [5] it has been shown that the 

joint frequencies follow the Poisson probability density function (pdf) – 

or equivalently the joint spacings follow the negative exponential 

distribution - provided that the several deformational and tectonic 

events experienced by a given rock formation has led to maximum 

entropy of the final jointing system. However, it has been found that the 

Poisson probability density function describes only approximately the 

collected in the field fracture frequency data. In order to improve the 

accuracy of the model we make a step further in Section 2 by assuming 

that the governing pdf of fracture frequencies obey a nonhomogeneous 

three-parameter Poisson process. The validation of the proposed 

model against real measurements on drill cores obtained at the 

exploration phase of a dolomitic marble quarry is performed in the 

same section. Section 3 is devoted to the final step of correction of joint 



4 | P a g e  

  

spacing data by considering the orientation of joints with respect to the 

boreholes. Finally concluding remarks are presented in Section 4.  

2. Estimation of joint spacing distribution from joint frequency counts  

2.1 Model  

Here after the terms “joint” and “fracture” are used interchangeably. So, the 

measurement of number of joints or fractures of the same set in constant 

length intervals along a drill core or scanline is termed here apparent Fracture 

Frequency (FF) and is considered to be a random variable (RV). The apparent 

fracture spacings distribution for each joint set is then derived directly from the 

FF measurements along the drill cores based on a model that is presented 

below.   

First it is noted that FF is also represented here after by the symbol f , 

interchangeably and as is expected it represents a discrete RV. As was 

mentioned previously f  is measured or counted over intervals of fixed length, 

or in statistical terms, of fixed sample support denoted here by the symbol x . 

Herein, we arbitrarily choose from the outset the length of x 1m as the 

support. This means that f  counts of joints along any other fixed length 

interval x that is multiple of 1m could be composited from the already 

performed counts made at every 1m. The innovative aspect of the present 

approach is that we heuristically assume that the pdf that describes the 

counted number of fractures f  per fixed sampling interval x along a borehole 

or scanline is a three parameter nonhomogeneous Poisson process 

(NHPP)with a pdf given by the formula  

  

P in
f

int
events

erval x e
x x

f !
f                                                                          

(1)      
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It is assumed here that the linear fracture frequency parameter is not 

constant as is in the classical Poisson pdf [6], but depends in addition on the 

f
 itself, as well as on the sampling interval x, in the following fashion  

  𝜆 
 f

                                          

(2)  

  

where parameters 0,
b

0,
a

0 are not necessarily independent of sampling length 

interval x. In this manner we may call this parameter  the intensity function of 

the NHPP. The classical Poisson pdf is recovered from Eq’s (1), (2) by putting 

a
0 0, 

b
0 1 and setting 0 as a constant parameter.  

Subsequently, if we assume the validity of the following empirical power 

relations  

𝜆0𝑏0 = 𝑥𝑎𝑏−𝑏1                                                                                                                                 (3a)  𝑥𝑏′−1 𝑎0 = 𝑎′𝑏′                                                                                                                                   (3b)  

where 𝑏, 𝑏′ are exponent constant parameters and 𝑎, 𝑎′ are scale parameters. 

In view of the above relationships (3a) and (3b) then Eq. (2) takes the form  

  

 𝑥𝑏−1 𝑥𝑏′−1 𝜆 𝑎 𝑎 𝑏 

f
                                                                                         

(3c)  ′ 
     

 The probability that we observe the first joint (or first count or arrival) after a 

distance x from a fixed point on a borehole or scanline is the same as the 

probability that we observe no joints from this fixed point until distance x from 

it. Considering Eq. (1) for f 0 in line segment x , and the definition of a 

cumulative distribution function (cdf) [7], it is found that   
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x b 

 

F(x) P x1 x 1 P x1 x 1 P f 0 1 e
a                                        

(4)     

in x  

  

That is to say the unconditional cdf of the spacing of the first joint is a Webull 

distribution. The conditional probability of observation of the second fracture 

spacing value, provided that the previous one is x1, and so on for the 

sequence x2, x3 etc. is the same as that given by Eq. (4) if the following two 

assumptions are valid, namely: (a) the location of adjacent joints are 

independent to each other, and (b) the process is stationary, meaning that the 

same probability function is valid for the generation of all joints [6]. The first 

assumption means that the covariance function of pairs of adjacent fracture 

spacings of the same set is very close to zero. Since this is not always true we 

keep the second hypothesis of stationarity as valid and relax the first one.  

The probability to have a distance 𝑟 > 𝑥 between neighboring joints in 

case of a NHPP  

is given as follows [8]  

  𝐺  𝑒−(𝛬(𝑥+𝑦)−𝛬(𝑦))𝑑𝑦                                                               (5)  

  

in which L denotes the total length of scanline(s) or borehole(s), and 𝛬( ) 

denoties the mean value of events, i.e.  

  

 𝑥 𝑥𝑏 𝑥𝑏′ 𝛬(𝑥) = ∫0 𝜆(𝑥)𝑑𝑥 = 𝑏∙𝑎𝑏 + 𝑏′∙𝑎′𝑏′ ∙ f                                                                                (6)  

  

The cumulative distribution function of fracture spacings may be subsequently 

found by substituting in Eq. (5) the expressions given by Eq’s (3c) and (6). 

There is no analytical solution of the resulting integral so it is solved 

numerically with Gauss quadrature rule in the following manner  
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𝐹  × 

 
                                                                × 𝑒                       (7)                                    

  

where wi and ξk denote the weights and nodes given by this quadrature 

scheme. For the number of fractures 
f

in the above expression the mean 

expected value of  
f

 is employed that is estimated from the NHPP expressed 

by Eq. (1), that is  

  

(𝜆(𝑥=1)) f ∞
 f −𝜆(𝑥=1) 

̅̅f ̅ ̅ =                                                                                              (8)  

f ! 

    

Recapitulating, the NHPP parameter identification procedure is as 

follows: a) First we  

count the number of fractures per meter of drill core for each joint set 

separately, b) then we composite the f  data at several integer sampling 

intervals such as x=2, …, 10 m, etc, c) subsequently we apply a best-fitting 

procedure of NHPP given by Eq’s (1) and (2) for the estimation of parameters 

0,
a

0,
b

0 from the experimental fracture frequency histogram of the respective 

sampling interval x , d) we repeat steps (c) and (d) for the composited FF data 

of each sampling interval x , and e) finally we perform a non-linear regression 

analysis to validate the power relations given by Eq’s (3a), (3b) and determine 

parameters a,b,a , b . The validation of the cdf of spacings found with the 

procedure above, is performed with the aid of a Monte-Carlo simulation 

technique [9] that is used to produce a synthetic FF pdf which is compared 

∑ 
 
∙ 𝑒 ∙ 

 
f ! 

𝑖 = 0 

∑ 𝑒 − 𝜆 ( 𝑥 = 1 ) ∙ ( 𝜆 ( 𝑥 = 1 ) )  
f ∞ 𝑖 = 0 
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with the original histogram of FF. The flowchart of the algorithm called 

PoissFFit.m that was written in Matlab™ is shown in Fig. 1.  

  

 

Fig. 1. Flowchart of the Poissonfit,m algorithm for the conversion of FF 

distribution to spacings  

distribution.  

  

2.2 Application  

A case study regarding an active open pit quarry of white dolomitic marble is 

considered for the demonstration of the proposed method. The height of the 

vertical quarry benches varies between 6 to 7m. There were identified three 

  

Algorithm PoissFFit.m  

Read fracture counts data measured at  
every x=1 m from spreadsheet 

Composite arrays of joint counts in fixed sampling  
intervals x i.e. x=2 m, 3 m, 4 m etc. 

NHPP best - fitting procedure of joint counts k in fixed sampling interval x.  
Estimation of new set of  λ 0 ,  a 0 ,  b 0 .  

Input FF frequency data from next  
sampling interval x 

Estimation of parameters a, b, a', b' by best - fitting procedure 

Validation of estimated parameters of  
cdf of spacings by a Monte - Carlo  

method for the estimation of pdf of FF 
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consistent joint sets transecting the marble, namely the grain system (or verso 

in Italian), the head-grain system (or contro) that has the same strike and it is 

almost orthogonal to the former set, and a secondary system (or secondo) 

with a strike orthogonal to the common strike of the other two families of 

joints. Contro and Secondo joints  were initially formed during the uplift of the 

dolomitic marble layer of a thickness of 200m to 300m up to the surface due 

to slip along the weakest bedding or grain or verso planes during this tilting 

phase and many subsequent phases of seismic tectonic activity. During these 

slipping deformational episodes the head-grain planes, as well as the 

secondary joints which are almost mutually orthogonal have been formed in 

order to accommodate the large shear displacements along the master sliding 

grain planes.  The orientations of the poles of these three sets processed with 

specialized software [10] are illustrated in the lower-hemisphere stereographic 

projection diagram of Fig. 2. In the same figure the great circles of these sets 

are also displayed. Grain great circle is marked with green color, head-grain 

with red color, and secondary with blue color. The mean dip and dip directions 

of these three joints sets are shown in Table 1. The quarry walls are directed 

along the strikes of contro and normal to it for the optimization of marble block 

recovery. A total number of 50 vertical boreholes of total length of 1,419km 

were executed for the spatial estimation of FF by measuring number of joints 

per meter of drill core for each joint set separately for the estimation of marble 

deposit resources. Fig. 3 shows the vertical drillholes characterized by the 

total counts of fractures per meter. The total counts of fractures and the total 

FF represented in this figure was obtained by summing the counts of joints 

per meter for each of the three joint sets respectively. Each FF class, i.e. 0-1.5 

m-1, 1.5-3 m-1, 3-4.5 m-1, 4.5-6 m-1 and >6 m-1 along the boreholes is shown 

with a different color in the figure. Each class represents a different recovery 

ratio of marble blocks with commercial sizes (decreasing as we move from the 

blue to red color) of a region surrounding each borehole.  
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Fig. 2. Lower hemisphere equal area stereographic projection of joint sets of the 

three principal  

joint systems.  

  

Table 1. Joint orientation data.  

Joint set  Dip angle  

[degrees]  

Dip Direction 

angle  

[degrees]  

Grain  37  58  

Head-grain  70  250  

Secondary  80  159  

  

  

(a)  
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(b)  

Fig. 3. Visualization of FF data along drillholes; (a) drillholes characterized by 

FF that is expressed in counts of total joints transecting every meter of drill 

core. The open excavation in the form of a “trough” refers to the limits of the 

marble volume that was evaluated with regards  

to its reserves. (b) Color scale of FF expressed in counts/m.  

  

Fig’s 4 - 6 present the diagrams demonstrating the application of the 

proposed algorithm poissFFit.m for each one of apparent FF data measured 

along the borehole cores for each of the three joint sets, respectively, together 

with the best-fitted nonhomogeneous Poisson distribution.  

Also in this application zones of heavily fractured marble transecting the 

boreholes have been excluded from the input data. These zones may 

represent either shear bands belonging to one joint system or intersection of 

two or more joint systems that are considered separately and are modeled as 

thick planar faults of lengths greater than 100 m transecting the deposit.   

Fig. 4a illustrates the fitting by the 3-parameter NHPP of the 

experimental cdf of FF corresponding to the grain or verso joint set counted 

every 1m. The next Fig. 4b displays the best-fitting of the variation of 

parameters of the NHPP with sampling length x used for the FF counts and 

their fitting with the power laws. Fig. 4c shows the final cdf of spacings and the 

cdf of the first spacings encountered in the beginning of a measurement along 

a scanline or borehole.  

The validation of the model is performed at the last stage of the procedure and 

is shown in Fig. 4d. From this figure it may be seen that the maximum relative 

error of the joint spacings predicted by the final model is 5%.  
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In a similar manner Fig’s 5 a-c display the results for the headgrain or 

contro joint set, whereas Fig. 5d shows the validation of the headgrain or 

contro joints model that displays a maximum relative error of 7%. Finally, Fig’s 

6 a-c illustrate the results pertaining to the secondary joint set and Fig. 6d 

displays the validation of the model for secondary joints that exhibits a 

maximum error of 8%. It is noted that the FF class intervals are few for this 

joint set; this is due to the larger apparent spacings of the nearly vertically 

dipping joints observed along vertical boreholes .  

 
  

(a)  

 

(b)  
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(c)  

 
 (d)   

Fig. 4. Prediction of grain or verso joint spacing distribution from joint counts 

along the boreholes; (a) verso joint counts cumulative distribution of FF for the 

sampling interval x=1m  

and best-fitted non-homogeneous Poisson cdf, (b) determination of parameters 

a, b, a', b'  by  

best-fitting power laws, (c) comparison of the cdf of spacings and the cdf of 

joint spacings  

0 1 2 3 4 5 6 
0 
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observed for the first time, and (d) comparison of the pdf of grain or verso 

joint spacings predicted by the cdf of spacings with Monte-Carlo technique (left) 

and comparison of cdf’s and  

error estimation (right).  

  

  

(a)  

  

(b)  
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(c)  

     
 FF [1/m] FF [1/m] 

  

(d)  

Fig. 5. Prediction of grain or headgrain or contro spacing distribution from joint 

counts along the boreholes; (a) joint counts cumulative distribution of FF for 

the sampling interval x=1m and  

best-fitted non-homogeneous Poisson cdf, (b) determination of parameters a, b, 

a', b'  by bestfitting power laws, (c) comparison of the cdf of spacings and the 

cdf of joint spacings observed for the first time, and (d) comparison of the pdf of 
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headgrain or contro joint spacings predicted by the cdf of spacings with Monte-

Carlo technique (left) and comparison of cdf’s and error  

estimation (right).  

  

  

(a)  

  

(b)  
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(c)  

     
 FF [1/m] FF [1/m] 

  

(d)  

Fig. 6. Prediction of secondary joints spacing distribution from joint counts along 

the boreholes;  

(a) joint counts cumulative distribution of FF for the sampling interval x=1m and 

best-fitted nonhomogeneous Poisson cdf, (b) determination of parameters a, b, 

a', b'  by best-fitting power laws, (c) comparison of the cdf of spacings and the 



18 | P a g e  

  

cdf of joint spacings observed for the first time, and (d) comparison of the pdf of 

joint spacings predicted by the cdf of spacings with Monte-Carlo technique 

(left) and comparison of cdf’s and error estimation (right).  

  

  

2.3 Spacing correction  

As is illustrated in Fig. 7 the true spacing 𝑑 between two adjacent joints of the 

same set could be found from the apparent spacing 𝑑  by using the acute 

angle θ subtended between the normal to the joint planes and the borehole 

axis  

  𝑑 = 𝑑  ∙ 𝑐𝑜𝑠𝜃                                                                                                                                

(9)   

  

Fig. 7. True and apparent joint spacing measured along the axis of a borehole 

and the true joint spacing measured along the normal line to the traces of joints 

on the vertical plane normal to  

the strike.  

  

If the borehole is vertical then θ coincides with the dip angle of discontinuity, 

otherwise 𝑐𝑜𝑠𝜃 is determined from the outer product of the unit normal vector 𝑛 of the joint planes belonging to the same set and of the borehole direction 𝑚 

in the following manner  
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𝒏 ∙ 𝒎 = |𝒏| ∙ |𝒎| ∙ 𝑐𝑜𝑠𝜃 → 𝑐𝑜𝑠𝜃                                                                                             (10) 𝑛𝑥+𝑛𝑦+𝑛𝑧∙ 𝑚𝑥+𝑚𝑦+𝑚𝑧 
  

wherein bold symbols denote vectors. It is recalled that the unit normal vector 

of a plane with dip angle α and dip direction angle β is defined as:  

  𝒏 = [𝑠𝑖𝑛𝛼 ∙ 𝑠𝑖𝑛𝛽 𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝛽 𝑐𝑜𝑠𝛼]                                                                               (11)  

  

The unit vector of the borehole axis with azimuth 𝐴𝑧 and plunge 𝐼𝑛 is defined 

as:  

  𝒎 = [−𝑠𝑖𝑛𝐴𝑧 ∙ 𝑐𝑜𝑠𝐼𝑛 −𝑐𝑜𝑠𝐴𝑧 ∙ 𝑐𝑜𝑠𝐼𝑛𝑠𝑖𝑛𝐼𝑛]                                                         (12)  

  

Substituting Eq’s (11) and (12) into Eq. (10) it is found  

  𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝑎 ∙ 𝑠𝑖𝑛𝐼𝑛 − 𝑠𝑖𝑛𝛼 ∙ 𝑐𝑜𝑠𝐼𝑛 ∙ 𝑐𝑜𝑠(𝛽 − 𝐴𝑧)                                                       

(13)  

  

Based on the joint orientation data from Table 1, the cumulative 

distributions of the true spacings of the three joint sets were constructed and 

presented in Fig. 8 by applying Eq’s (9) and (13) to the scale parameters of 

the predicted spacings distribution functions.  
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Fig. 8  Cumulative distribution of true joint spacings of the three joint 

sets.   

3. Concluding remarks  

The main results of this study can be summarized as follows:  

(1) Borehole data show that the frequency of rock fracture counts per fixed 

sampling interval can be described by a NHPP.   

(2) The intensity function or linear fracture frequency function of the 

nonhomogeneous Poisson process is characterized by three 

parameters that depend on sampling length. A new result presented in 

this work, as far as the NHPP is concerned, is that apart of these 

parameters it is assumed that the intensity function λ depends also 

linearly on the number of joint counts per fixed length of scanline or 

borehole.   

(3) It was explicitly shown that the three-parameter intensity function leads 

to a Weibull distribution of the first observed spacing.  

(4) Based on this NHPP model the estimation of the distribution of 

spacings is a straightforward result based on an algorithm presented 

here. This was demonstrated from measurements of fractures along 

boreholes employed for the characterization of recovery ratio of a 

dolomitic marble quarry. A validation procedure was employed to check 
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the accuracy of the estimated model parameters. The maximum 

relative error of the model compared with original FF data is below 7% 

for all joint sets.  

(5) The distribution of joint spacings is very important in Rock Engineering, 

Mining and Civil Engineering applications for the next task of estimation 

of distributions of areas of faces of blocks and the volume of blocks 

isolated between mutually intersecting joints.  
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